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This paper provides a framework for the control of quantum mechanical systems with scattering states, i.e., 
systems with continuous spectra. We present the concept and prove a criterion of the approximate strong smooth 
controllability. Our results make non-trivial extensions from quantum systems with finite dimensional control 
Lie algebras to those with infinite dimensions. It also opens up many interesting problems for future studies. 
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Recently, increasing research has been done on quantum 
mechanical systems with scattering states that possess practi- 
cal applications |2[ |j, |j] . This has been a long-standing 
problem in the area of molecular control, where the at- 
tempts to breaking chemical bonds naturally evolve into var- 
ious topics on discrete-continuum transitions of molecular 
states (j, 0, 0, i-e- photon-dissociation(from discrete to 
continuum), photon-association(from continuum to discrete) 
and laser catalysis (from continuum to continuum). Another 
prominent motivation is the continuous quantum computer 
(J, 01 that processes quantum information over continuous 
spectra. Serious theoretical studies have proved that they 
might be more sufficient in some tasks compared with their 
discrete counterparts. 

These problems naturally fall under the system control the- 
ory HUH H E3 [U HI . To the authors' knowledge, most 
existing studies focus on finite dimensional bound-state quan- 
tum systems that have been strikingly successful in practice 
GjQjIH]- Very little has been done to scattering-state quan- 
tum control systems 0, [H [01 fl^l except some specialized 
discussions in the molecular control @L where the calcula- 
tion of controlled discrete-continuum transition probabilities 
are carried out along the lines of perturbation theory and adi- 
abatic approximations under weak field assumptions. 

Amongst various topics on quantum control, the controlla- 
bility is of fundamental importance in understanding the phys- 
ical mechanisms of quantum control I6.l9t ll2ll . In this paper, 
we are investigating the controllability for a scattering-state 
quantum system that possesses an infinite dimensional control 
Lie algebra. As is well known in mathematics, the extension 
from finite dimensional Lie algebras to infinite dimensional 
Lie algebras is not trivial. Theoretically, the infinite dimen- 
sionality is the key to break through the HTC No-Go Theo- 
rem 1 6] so as to enable the ambitious control over a set of all 
scattering states. In these regards, our works make a quan- 
tum leap over the earlier result on finite dimensional systems, 
and that of olla], which, although embraces the cases of both 
discrete|6] and continuous spectral 7], is still limited by the 
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finite dimensionality of control Lie algebras. 

Consider quantum control system in the form of the follow- 
ing Schrodinger equation: 



H{, + Y,Uj(t)H'j 



W (t), y/(0) = y/ . (1) 



where the controls uj(t) are real piecewise constant functions 
of time. The quantum state y/(t ) evolves in a separable Hilbert 
space Jtf? that carries a unitary representation space of the 
symmetry algebra. The Hamiltonians HLH[,--- : H' m are Her- 
mitian operators acting on . For convenience, we rewrite 
Q with skew-Hermitian operators ff; — H-/(ih), i.e., 



dt 



W(t) = 



H + ^Uj(t)Hj 



yr(t), y/(0) = y/ . (2) 



In order to facilitate the analysis of system structures, 
we choose to embed the system in an algebraic framework 
based on an associated intrinsic symmetry algebra, say _S? = 
{L\,- ■ ■ ,L c i}la, of the quantum system under consideration. 
The subscript "LA" denotes the Lie algebra generated by the 
finite number of operators in the curly bracket. We assume 
that the Hamiltonians can be formally expressed as elements 
in the universal enveloping algebra E (Jzf ) 11711 . i.e. in terms of 
polynomials of the generators of Jz? . Obviously, the controlla- 
bility Lie algebra — {Hq,H\, ■ ■ ■ ,//,„}la is a Lie subalgebra 
of£(Jf). 

The algebraic modelling method covers a wide class of 
quantum control systems such as harmonic oscillator @] and 
hydrogen atom |8]. A paradigm closely related to this paper 
is the continuous quantum computer modelled as (TJ: 



+ UIP + U2X- 
px) + us{x 2 - 



-u-}(x 2 + p 2 ) 

p 2 ) 2 Mt), 



(3) 



where p = —iftd x , [x,p] — ih. Here the Heisenberg algebra 
h(\) = {x,p,i}iA plays the role of the symmetry algebra of 
the system. The Hamiltonians for quantum computation are 
derived from quantization of classical variables of a harmonic 
oscillator into the universal enveloping algebra ^(^(l)) iTil 
1 1 911 - Comparing this system with the example of harmonic 
oscillator in |6|: 



ih^- t y/(x,t) = [(p 2 +x 2 ) + u l p + u 2 x], 



(4) 
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one can observe the distinction between these two systems: 
the controllability algebra of is infinite dimensional, while 
that of is finite dimensional. As indicated in |1], the in- 
finite dimensionality is necessary for universality of quantum 
computation using this model. 

The symmetry algebras of scattering-state quantum me- 
chanical systems are necessarily noncompact. From the the- 
ory of unitary representation, ffl has to be an infinite di- 
mensional Hilbert space in which the quantum state prevails 
llT7ll20ll . Also due to the noncompactness, the unboundedness 
of Hamiltonians brings severe domain constraints 0. Thus 
one has to specify a dense subset of 3^ on which the Hamilto- 
nians are well-defined, invariant and the state-evolution can be 
expressed globally in exponential form. For systems with fi- 
nite dimensional control Lie algebras , Huang, Tarn and Clark 
suggested the analytic domain(the existence is ensured by 
Nelson's theorem l2llo 

% = { ( oe^r:£l £ II//,, • ■■H in (o\\s n <4 

[ n=Q n - \-<h,-,i„<d J 

as a candidate, on which they present the notion of analytic 
controllability. The state-evolution of these systems are there- 
fore restricted on a locally finite dimensional manifold with 
finite directions to move towards. 

However, there does not exist, in general, a dense analytic 
domain for si as an infinite dimensional Lie subalgebra of 
E{J£). Nevertheless, as implied in 1 22], the existence of an- 
alytic domain is not necessary for the exponential formula. 
A natural choice is to enlarge the analytic domain to the col- 
lection of differentiable vectors of the associated symmetry 
algebra : 



{(j) e J4? : 



P? 



■ifMK^Si =0,1,2,--}. 



Given an insight into the space structure, forms a com- 
plete Frechet space endowed with a locally convex topology 
that makes the Hamiltonians continuous! 22, l23ll . With this 
topology, the control algebra si can be exponentiated to form 
a Frechet (or ILH-) Lie transformation group <S I22l l24ll act- 
ing on Parallel with the analytic domain, we call SL the 
smooth domain. For instance, the smooth domain for is 
the Schwartz space 



v(jc) GL 2 (K) : sup 
ce,/3>0 



"to 



<^ oo 



Remark 1 The smooth domain provides a natuaral charac- 
terization of scattering states. Denote the dual space of Qt x 
by 3>oo*, we obtain a triad of linear spaces, i.e., the rigged 
Hilbert space Kz^l : 

with S>oo dense in Jtf' and dense in While ^ con- 

tains all experimentally preparable states for 0, the scatter- 
ing states can be specified as vectors in S>oo* which have run 



out of the Hilbert space Jf. Since is dense in the sys- 
tem can approach arbitrarily close to any scattering state if all 
states in the smooth domain is reachable. From this viewpoint, 
we can make sense of the dynamical control over nonphysical 
scattering states. 

The smooth domain and the exponentiated Frechet Lie 
group have already laid a technical basis in system analysis 
of the controllability properties. Let M be the closure of the 
set 



{exp0i// ttl ) 



■■exp(s k H ak )\jf \s k GR, 
(% = 0,l,-,»i^€N} 



for the initial state y/o £ SL. Note M is allowed to be an 
infinite dimensional sub-manifold of S jg>, the unit sphere in 
Jf. Apparently, M is the maximal set of possibly reachable 
states from \]/q. Here we give the definition of controllability 
to be studied in this paper: 

Definition 1 (Smooth Controllability) Denote as the 

reachable set of the initial quantum state £ M n f^oo by 
all quantum states that can be driven from \j/o under prop- 
erly adjusted controls. Quantum mechanical control sys- 
tem (0 is said to be approximately smoothly controllable if 
= M n S> x (the closure is with respect to the locally 
convex topology of i^L). Moreover, the system is said to be 
approximately strongly smoothly controllable if the closure of 
reachable set ^ t {w) at an y tune t > equals to Mfl S>oo. 

Remark 2 The prevailing definition of quantum controllabil- 
ity implicitly assigns the manifold M to S 'jg>, the unit sphere 
in ,¥P. This definition can be taken as a special case of that 
given here. It is another interesting and important problem 
to investigate when the reachable set of a controllable system 
covers S 

Now we are standing at the same starting point as in pre- 
vious studies, where the existing results |6] can be naturally 
extended to quantum mechanical systems with infinite dimen- 
sional control algebras. Note that only finite control parame- 
ters are available to affect the state-evolution, repeated switch- 
ing operations can generate only finite directions within any 
finite time interval. Therefore, at most approximate control- 
lability can be achieved over an infinite dimensional manifold 
M under piecewise constant controls. Nevertheless, from a 
practical point of view, approximate controllability is already 
enough for most situations. The following is our main result: 

Theorem 1 Let the Lie algebra 33 — {H\ ,//,„}la and 
= {ad 3 H Hi , j = 0, 1 , • • • , i = 1 , • • • , m}^, where ad%Hi = 

Hi, ad J H(> Hi = [Ho,ad J Ho Hi]. The system is approximately 
strongly smoothly controllable if the following conditions are 
satisfied: 



1. [i 



C 



2. For any (j) £ M n @oo, ^(0) = £i{<§) and they are infi- 
nite dimensional. 
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proof Due to the space limitation, we present a condensed 
proof in this paper. Recall that the primary obstacle for con- 
trollability analysis is the presence of free evolution which can 
not been artificially adjusted. From a system theoretical point 
of view, the basic idea is to find out enough "adjustable" flows 
generated by interactions between the system Hamiltonians, 
so that the free evolution governed by Hq can be cancelled 
and recreated. This in turn leads to the approximate strong 
smooth controllability prevailing over M n SL. 

We need to implement this idea in a strict way. A Hamilto- 
nian X is said to be strongly attainable if its integral curve 
passing any y/b £ M R is contained in the closure of 
the infinitesimal-time reachable set 3&g(Yo) = f\>o^<f (Vo)> 
where M< t (yo) denotes the reachable set within t units of 
time. The collection of strongly attainable Hamiltonians form 
a Lie algebra, i.e. they are closed under linear combination 
and commutation operations. This novel property is obvious 
from the well-know Trotter's formula |2^1 : 

exps(X + Y)(j) = lim„^ tx ,[exp(sX /n)exp(sY /n)"](j) , 
exps[X,Y]<f> = lim„^oo [exp (WjJnX) exp (y/s/nY) 
exp(-yGJ^X)exp(-y/7/^Y)] n (j). 

Now we seek strongly attainable Hamiltonians. Apparently, 
the control Hamiltonians H\ , • • • ,H m are strongly attainable, 
because they dominate the system evolution if we tune the 
controls sufficiently large (see detailed proof in [26]). Thus 
the spanned Lie algebra 38 is strongly attainable. 

Subsequently, we investigate the interaction of a strongly 
attainable Hamiltonian H £ 38 with the free Hamiltonian Hq. 
From the Campbell-Baker-Hausdorff formula ll24ll 

exp (tH ) exp sHo exp(—tH)<p 
= exp{s(H + 1 [H.Ho] ) + %[H, [H, sH Q }} + ■■■}<!>, 

where <j> £ M n 2$°o, we observe that the higher order terms on 
the right hand side are all strongly attainable Hamiltonians in 
38 under the condition [38, C 38. So we have 



Therefore, the system can be steered arbitrary closely to any 
state in M (~l at any time t > 0, because 

Mnf„ C exp(tH ) (exp sf) y/b = exp(f H ) (exp <g) \jf 

cf,(ift)cMnl. 
(5) 

Thus 3&t(Wo) = Mfl < 3! oa , i.e., the system is approximately 
strongly smoothly controllable over M. 

Physically, our result enables one to use finite controls to 
modulate the superposition of innumerable scattering states 
so as to resist the irreversible dispersion of wavepacket of 
scattering-state quantum systems. The fact is somewhat amaz- 
ing and has been earlier questioned by Zhao and Rice |4] for 
the presence of chaos. Actually, as they also recognized later, 
the essence of controllability is not altered because controlla- 
bility problems always concern themselves with evolution on 
finite time internals, although the presence of chaos do make 
the control much more complicated. 

To illuminate the ideas presented in this paper, we will dis- 
cuss an example described in |7]. The example is typically 
associated with an infinite dimensional control algebra. The 
algebraic model characterizes the scattering states of parti- 
cles subject to Poschl-Teller potentials based on a scattering 
algebra so(2, 1) =j,L' x ,L' y ,L l z }u i with iL compact and L' X ,L' Z 
noncompact (see [7] for detail), which commutation relations 
read: 

[ L 'x> L 'y\ = ~ iL 'v i L 'y L 'z] = ~ iL 'x> [ L 'v L ' X ] = iL 'y 
We consider a control system as follows: 

ih-=-y(t) = [aL'l + uiL' x + u 2 L' y + u 3 L'l]Y(t). (6) 

The noncompact free Hamiltonian alPl generates a con- 
tinuous spectrum. Let \j,m) be the simultaneous eigenvec- 
tors of the compact generator L' y and the Casimir operator 

C = L'y — L ,2 X — L' 2 Z , the smooth domain of is 



exps(// + t[H,H ])Yo C 3$ s (y ), s > 0, 

by which we derive that 

exp(±s[H,H Q })\(/Q = lim,^ ±00 expjj(Ho + t[H,H Q })\jf 
C linwso^v/o) =3? (Vo)- 

Thus we proved that the first-order term [H,Ho] is strongly 
attainable. Inductively by repeated commutation operations, 
the system evolution can be guided along any flows generated 
by Hamiltonians in ad k H ^ for every integer k with arbitrary 
precision. Therefore, the Lie algebra c € is strongly attainable. 
This is to say, the integral manifold (exp ^) y/b of which 
coincides with M under the condition ^(<p) = £/(<j>) for any 
(j) £ Mfl&, is contained m3$o(Vo)- 



%) oa = {x= V x m \j,m) I lim m n x m = 0, Vn £ N} (7) 

m=j 

as described in ll27ll . 

It is not difficult to verify inductively that any element in 
£(50(2,1)), including the free Hamiltonian, may be gener- 
ated by repeated commutations and linear combinations of 
the control Hamiltonians. Hence the Lie algebras £/,3§, c ^' 
coincide with E(so(2, 1)). Let M be the integral manifold of 
srf through \j/Q. According to Theorem^ strong approximate 
smooth controllability follows on M. We conjecture that M 
is dense in the unit sphere S , but the rigorous proof has not 
been found. 

From the above derivation, the first-order control Hamil- 
tonians manifest fundamental significance for shaping the 
quantum wavepacket by modulating the interaction of control 
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Hamiltonians. At the first glance, the operators K± — L x ±L y 
resemble the ladder operators of harmonic oscillators which is 
well-known for "raising" and "lowering" of energy levels. But 
intuitively, the "ladder" operators are not allowed to generate 
any discrete shift of levels on a continuous spectrum. One can 
find by simple calculations that K± shift eigenvalues of L z by 
±i units 1231 . which is of course absurd because the Hermitian 
L z has a real continuous spectrum. Indeed, the contradiction 
arises from the fact that K± can only operate on the superposi- 
tion of scattering states, but illegally upon the scattering states 
that are outside the Hilbert space 12811 . Interested readers are 
referred to |28] for more details. 

The use of high-order operators in the universal enveloping 
algebra enables one to expand an infinite dimensional alge- 
bra by finite control Hamiltonians, so that the quantum state 
can be driven to an infinite dimensional manifold. Thus the 
high-order terms are important to enhance the control of quan- 
tum systems. As shown in the optical scheme for continuous 
quantum computation 1 1], the key operation is chosen as the 
nonlinear Kerr process (x 2 + p 2 ) 2 in equation Q as a higher 
order terms. This high order term plays an essential role in 
achieving universality of quantum computation over continu- 



ous variables. 

In conclusion, this paper provides a clearer understanding 
of quantum control over infinite dimensional manifolds of 
scattering states. Our result advances the existing results to 
a broader landscape. Back to the cases of finite dimensional 
control algebras, the extension of analytic controllability to 
the larger smooth domain, which has been conjectured in |6], 
can be taken as a trivial corollary of Theorem^ The extension 
to infinite dimensional manifolds makes it possible to explore 
full control over the whole set of scattering states. It opens up 
many interesting problems for study, e.g. the control between 
discrete and continuous spectra and the control of resonances. 
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